Abstract. A result is proved relating the growth of a subharmonic function u(z) of finite lower order at least one, along a ray, to the quantity B(r) = sup{w(z): \z\ < r}.
Introduction
Let u(z) be a subharmonic function (s.f.) in U where U denotes either the complex plane C or the sector U(6) = {z:\ argz| < 6} where 0 < 6 < n. If [2] and Fryntov (to appear in Proc. Amer. Math. Soc), the corresponding result for A(r) is false for every X > 1. This is also discussed in Chapter 6 of [2] . The following result is in [4] : . Because of the abovementioned difficulty, we are unable to extend Corollary 1 to the case X -1 and maximal type. We do not give the proof of Corollary 1. Although our construction yields only a subharmonic function, the necessary adjustments to obtain an entire function are precisely those of [3], Section 2.
Proof of Theorem 1
It is enough to consider the case 6 -n and X = 1 (otherwise we consider v(z) = u(zxlx) in U(n)). By subtracting a suitable constant, if necessary, we may also assume, by (2) , that (4) u(r) + B(r)<0, for r > 0. For 0 < e < n/2 set, for 0 < 0 < n -e,
so that ut is subharmonic in the sector V(e) = {z: 0 < argz < n -e} and continuous on the boundary. Moreover, from (4) ue(r)<0, ue(re'^)<0, for all r > 0. Since uE(z) < 25(|z|), the lower order of ue is at most X (which we have taken equal to 1). So, the Phragmen-Lindelöf Principle yields that uí¡(re"1') < 0, in Ve. In particular 0 > ue(relV) = 2u(rei¡LT).
Since these inequalities hold for every 0 < e < n/2 and every 0 < <p < n -e, we conclude that u(z) < 0, 0 < argz < n/2 ; and that uo(reilf)) = u(re'{"~^) + u(re"p) < 0, 0 < <p < n/2. Similar inequalities hold for -n/2 < argz < 0 for u(z) and for n/2 < <p < n for Uo(re"f). Thus u(z) < 0, y = 3z > 0 ; u0(z) < 0, x = Viz > 0.
From the limiting case R -► oo of [2] , Lemma 6.1, p. 296, the boundary values uo(x) and u(iy) satisfy A00 u(iy) . f°° u(iy) . -co < / , v , dy < / . v , dy.
J-oo 1 + v2 ' Jo l+y2
Analogously, since u0(z) < 0 for 9iz > 0, we havê [°° uo(x), -oo < / , dx.
J-oo 1 + X2 Moreover, from [2] , Lemma 6.6, p. 317, -t. v ,. . . y Z"00 u0(*) j 4y Z"00 w(x) + u(-x) , 2u(iy) = uo(iy) < -/ , , dx = -\ -±-^-\-'-dx.
o\y,-nJ_ooX2 + y2 n Jo x2 + y2
Combining these we obtain, since u(iy) < 0, that oe<'° l^oo ^' -I r iC yW+-y^)dy){u{x) + ui~x)) dx _ 1 f°° 1+logx, . , . ...
7t Je-\ X'-+ 1 which proves Theorem 1.
Proof of Theorem 2
We may suppose that 1 < X < 2. For if X > 2 we may write X = nXo where n e N and 1 < Ao < 2. If w0(z) is the subharmonic function whose existence is asserted for X0 and for which the integral (3) diverges, then u(z) = wo(z") satisfies (3) for a given value X. The function u(z) will have the form, for \4>\<n,
For the given function y/(t) of Theorem 2 we set /•OO y/x(t)= / y/(er¡')re~rdr; Jo y/2(t)= / ty(er/t)e-'dr.
Jo
Since ^(r) -> oo as r -► oo, we conclude that ij/j(t)-Kx>, i-»0,7 = l,2;
We now choose the function p(i) to satisfy the following conditions:
./o and
Jo Clearly such a function p(t) exists. Now w(z) defined by (5) is subharmonic in U(n). Moreover, since sin7r(A -t) < 0 for 0 < t < X -1, we have (du/d<p)(-r) < 0, for all r > 0. Using this inequality it is easy to establish that, for sufficiently small p, u(-r)<j-f u(-r + peie)dd.
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Thus u(z) is, in fact, subharmonic in C. We remark that it is precisely here that our argument is unable to deal with the case X -1. We define a(r), perhaps not uniquely, by the equation B(r) = u(re,a(r)), r>0, and note that
Simple arguments prove that a(r) > n/X and that a(r) -> n/X, r-K».
We set e(r) -Xa(r) -n so that u(r) + B(r) = -2 j r*"1 cos2 ((X -t)^^\ P(t) dt -, i^'j-, • ife(r) t(n + e(r))\ . ..
Using the estimates sinx > x/2 for |jc| < n/6 and |e(r)/2 -t(n + e(r))/2X\ < n/6 for 0 < t < X/4 as r -► oo, we obtain, as r -► oo, u(r) + B(r) < -\ jTV («Ö -t*-±jp-)2 mdt + 0(,¥) " ~(" Mi'"2/"' r'"<' " ,'W)2'i'+ °(r^') where, for convenience, <J(r) = Xe(r)/(n + e(r)). Inspection shows that the last integral attains its minimum when S(r) = ôo(r), where Theorem 2 is proved.
